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PHASE TRANSITIONS AND MINIMAL HYPERSURFACES IN 

HYPERBOLIC SPACE 

ADRIANO PISANTE AND MARCELLO PONSIGLIONE 

Abstract. The purpose of this paper is to investigate the Cahn-Hillard approximation 

■ for entire minimal hypersurfaces in the hyperbohc space. Combining comparison 
_ I principles with minimization and blow-up arguments, we prove existence results for 
^ • entire local minimizers with prescribed behaviour at infinity. Then, we study the 

I limit as the length scale tends to zero through a F-convergence analysis, obtaining 

existence of entire minimal hypersurfaces with prescribed boundary at infinity. In 
particular, we recover some existence results proved in [3] and |21j using geometric 
measure theory. 
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1. Introduction 

Let (BI",5() be the hyperbolic space with its standard metric g, represented either with the 
Poincare ball or with the half space model. Given a double well potential ly : M — M, e.g., 

1 
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W{u) = i(l — u^)^ and We(ti) = ■pW{u), e > 0, we consider the energy functional 

(1.1) £e{u,A):= [ hVguf + We{u)dVolg, 

where A is a bounded open subset of H", u £ H^{A;'R), and where Vg, || • || and dVolg 
are the gradient, the length of tangent vectors and the volume element with respect to the 
Riemannian metric g, respectively. 

The critical points, and therefore in particular the minimizers of such energy are solutions 
of the corresponding Euler-Lagrange equation 

(1.2) AgU + feiu)=0, 

where fe{u) := —W^{u) and is the usual (negative) Laplace-Beltrami operator. 

In this paper we focus on entire solutions Ue (i.e., defined in the whole H") of equation 
()1.2p that are local minimizers of the energy in (jl.ip , according to the following definition. 

Definition 1. We say that a function u G H^^^iW'') is a local minimizer of the energy Ss 
defined in (jl.ip . if££{u,A) < £^{v,A) for every open bounded subset A ofW" and for every 
V G Hi^^(W^) such that u — v has compact support contained in A. 

In the Euclidean setting, the energy functional (jl.ip is usually referred to as the Cahn- 
Hillard approximation of the Van der Waals phase transition model. The minimizers Us of 
the energy iSg in (II. ip describe smeared phase transitions, and their asymptotic behavior as 
e — 7- provides a good approximation of sharp area minimizing interfaces (actually with 
constant mean curvature under the usual additional volume constraint). Roughly speaking, 
as £ tends to zero, local minimizers tend to ±1 far from a minimal hypersurface S, and 
make the transition in an e- neighborhood of their level sets := {u^ = 0}, which in turn 
provide a good approximation of S. We refer the reader to the important paper [25] for a 
first rigorous result in this direction and to |10) . [18] for some extensions. Conversely, under 
suitable non-degeneracy assumptions, a given minimal hypersurface S (or, more generally, a 
constant mean curvature hypersurface) can be obtained as limit of the zero level sets of 
solutions to equation (jl.2p (see [26j). Thus, the study of the energy p.ip provides a bridge 
between semilinear elliptic equations and minimal hypersurfaces both in the Euclidean space 
and on Riemannian manifolds. We refer the reader to [32] for a survey on this topic and to 
[22j for a first result in case of surfaces of higher codimension related to superconductivity. 
We refer also to ^19j and ^ for the analogous link between the gradient flow of (jl.ip and the 
mean curvature flow in codimension one and two, respectively. 

The goal of this paper is to investigate this classical connection in hyperbolic space. The 
first step in this program is the construction of entire solutions Us to equation (jl.2p with 
prescribed behavior near the sphere at infinity S^~^{oo). From now on we will assume that 
the potential We is of the form We = ^W, where : R ^ R+ U {0} is a function 
satisfying the following usual assumptions 

i) W{t) = W{-t) for all t G M, 

. ii) minW = and {W{t) = 0} = {-1,1}, 

^ Hi) W"{1) > 0, 

iv) W{t) is strictly decreasing in [0, 1] and strictly increasing for t > 1. 

We are interested in solutions which are local energy minimizers, taking the two minima ±1 
of the potential W as boundary values on two different open sets on the sphere at infinity, 
and making the transition in H". The results we will achieve show that there are plenty 
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of such solutions (actually uncountably many), in analogy with the simpler case of entire 
bounded harmonic functions in H", with arbitrary continuous data at infinity (see [30], [5]). 
Our results are in striking contrast with what happens in the Euclidean space, where, at least 
for n < 7, the nonconstant entire local minimizer of (jl.ip is unique up to isometries (see [28], 
Theorem 2.3). 

Once we have constructed entire solutions Us that are locally energy minimizers, the second 
step consists in letting e — t- 0, to obtain a limit function u* taking only values ±1 in H", in 
analogy with the asymptotic analysis done in the Euclidean space in [25]. Eventually, when 
ri"*" and Q~ have common boundary L C S'"'"^(oo), we obtain an existence result for entire 
minimal hypersurfaces S, the jump set of u* in H", with prescribed behavior dT, = L at 
infinity. This result has been originally proved in [3j by methods of geometric measure theory. 

For expository convenience we will state all our results using the Poincare ball model. 
First we consider the relevant case where the boundary conditions for Ug are prescribed on 
two disjoint spherical caps := C+ and r2~ = C~ in ^""^(oo) with common boundary L. 

Let S = S(i) be the spherical cap in touching L orthogonally (i.e., the totally geodesic 
H"""^ asymptotic to L at infinity), and denote by d the signed hyperbolic distance from S 
with the sign convention d{x, S) — t- ±00 as x — ?■ C^. With these special boundary conditions, 
it is possible to perform a one-dimensional reduction of the problem, i.e., to seek for solutions 
Us{x) := h^{d{x,'E{L))), for a suitable smooth function /i^ : M — )• M, with Us{x) — )• ±1 as 
X — )• (correspondingly /i£(iboo) = ±1). These kind of one dimensional solutions exhibit a 
jump at infinity on the interface L = dC^, that looks smeared far from the sphere at infinity. 
The first result of the paper deals with the construction of such one dimensional solutions Us 
that will be the building blocks to treat the general case. 

Theorem 1.1. Let := C'^ and Q,^ := C~ be two disjoint spherical caps in S^~^{oo) 
with common boundary L, and let S(L) be the spherical cap in H" touching S^~^{og) along 
L orthogonally. 

Then there exists a unique solution G C'^{W^) to equation (II. 2p satisfying Ue = on T, 
and the boundary conditions Ue{x) — )• ±1 as x — )• C^. Moreover, Us is a local minimizer of 
the functional £s in- (|l-ip . and it is one- dimensional, i.e., Ue{x) = hs{d{x,Ti)) for a suitable 
smooth odd increasing function he- Finally, Ue{x) — >• sgn{d{x,T,)) locally uniformly in H" \ S 
as e — > 0. 

In dimension two, existence results for equation ()1.2p . with the potential W{u) = |(1— n^)^, 
have been largely exploited both in the physical and in the mathematical community, because 
of its relevance in the study of the Yang-Mills equations in four dimension. An explicit solution 
for £ = 1 with two point singularities at the boundary has been found in [13], while more 
general solutions with two points singularities have been constructed in [27] and [23], using 
ODE techniques. A one-dimensional solution in H"" for any n has been constructed only very 
recently in [9j. The novelty of our result consists in the existence and uniqueness property 
for solutions vanishing on S. Clearly, as e — t- the hypersurface S turns out to be the jump 
set of the limit function u*{x) = sgn(d(x, S)), thus a totally geodesic and area minimizing 
hypersurface. As will be clarified below, the property f/g = on S will be crucial in order to 
control the zero level set of solutions for general boundary data, and therefore to prescribe 
the boundary L at infinity of the limiting minimal surface obtained as e — )• 0. 

Now we pass to the case of general boundary data, namely to the case of arbitrary open sets 
C S'"'~^(oo). In a two dimensional context, a model case is when O"*" and Q~ consist in a 
finite number of arcs. The corresponding solutions, usually referred to as multimeron solutions 
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of the Yang-Mills equations, are solutions of ()1.2p with finitely many boundary singularities. 
They have been conjectured and formally derived in [33] and [15], and rigorously constructed 
in [20], [11] and [6]. The first existence result for entire solutions in with general prescribed 
behavior on the sphere at infinity S'^~^{oo) is the following. 

Theorem 1.2. Let il+ and $7^ be disjoint open subsets of S^~^{oo). Then, there exists an 
entire solution Ue G C^(IHI")nC'^(IHI"U$7^uri^) to equation (II. 2p . that is a local minimizer of 
the energy in (11. ip according with DefinitionUl and that satisfies the boundary conditions 
Uc = 1 on Us = —1 on Moreover, the zero level set := u~"^(0) satisfies C 
conv{F), where F = S^-^oo) \ U fi"). In addition, di}+ n dn- C D S'^-^oo) C F 
(where the closure is understood in Bi with respect to to the Euclidean topology). In particular, 
if dU,'^ = dO.^ = F then n S'^^^{oo) = F . Finally, for n < 7 there exists eq > depending 
only on n, such that for e < Eq the zero level set is a smooth hypersurface. 

To prove Theorem 11.21 the key point is to prescribe the boundary conditions at infinity. 
To this purpose the main ingredient is the construction of suitable barriers ip,, and (so 

that < Us < il^i;) with desired behavior at infinity, obtained combining the one dimensional 
solutions discussed above. It turns out that the location of the zero level set is controlled by 
the barriers, so that it is trapped into conv(F), the geodesic convex hull of F in EI"'US'"~^(oo). 
On the other hand, smoothness of in low dimension is indeed a consequence through blow- 
up analysis of the recent important paper [28] . This existence result combines ideas from 
[TT] and [20], and gives a positive answer to the question, raised in [9J, of constructing entire 
solutions to equation ()1.2p . taking values in {— 1,0, +1} on prescribed sets of the sphere at 
infinity ^"-^(oo). 

Our next result deals with solutions exhibiting a prescribed sharp interface L C ^"^^(oo). 
To this purpose, given B C ^""^(oo), we denote by K{B) the cone over B from the origin in 
the Poincare ball model, defined by K{B) := Up<i/?i?U{0}. Moreover, d{x,K{L)) will denote 
now the hyperbolic signed distance function from K{L), taking positive sign in K{n^) and 
negative sign in K{Q^). 

Theorem 1.3. Let il+ and be disjoint open subsets of S'^^^{oo) with common boundary 
L, and assume that L C S^~^{oo) is a smooth hypersurface of class . 

Then, there exists an entire solution G C^(IHI") n C^{W^ U ^"""^(oo) \ L) to equation 
(II. 2p . that satisfies the boundary conditions = 1 on = —1 on , that is a local 

minimizer of the energy in (II. ip . and having the following asymptotic behavior near the 
sphere at infinity S^^^{oo) 

(1.4) Us{x) = hs{d{x,K{L))) + e{x), where e{x) ^ as x ^ S'^~^ {oo) . 

Moreover, the zero level set := n^"'^(0) satisfies C conv{L). Finally, is a hyper- 
surface near the sphere at infinity with boundary dTi^ = L, touching S'"~"'^(oo) orthogonally 
along L. 

The asymptotic expansion in (II. 4p generalizes the analogous property established in [llj 
for solutions near isolated singularities in dimension two (with e = 1 and the explicit potential 
W{u) = i(l - u2)2). Indeed, as we will see in Proposition 14. 5[ blowing up the solution Ug 
around a point of L the sets 0^ converge (under rescaling) to a pair of half spheres, while 
converges to the corresponding one dimensional solution given by Theorem II. H and this will 
be the key step in proving ()1.4p . 



Preliminary version - February 10, 2010 - 18:05 



PHASE TRANSITIONS AND MINIMAL HYPERSURFACES IN HYPERBOLIC SPACE 



5 



The orthogonahty of the zero level set of the minimizers at the boundary, stated in 
Theorem 11.31 nieans that the normals I's^^Pk) at points Pk S converging to some Poo £ 
L C 5"'~^(oo) as — )• oo, tend to viiPca) (see (14.121) ). This orthogonality property can be 
seen as the natural counterpart, in this phase field framework, of the boundary orthogonality 
proved in [T7] for entire minimal hypersurfaces constructed in [3] . For the reader convenience 
we quote this last result in Theorem II. 5 i In fact, in [I7J the authors actually give a complete 
boundary regularity result, that could be interesting to exploit in our context, in order to 
obtain higher regularity of when L is more regular than C^. To this purpose, it seems 
very natural to investigate the asymptotic behavior of the solutions near the sphere at 
infinity, either through a PDE approach or through an asymptotic energy expansion based 
on F-convergence, but we will not pursue further this point in the paper. 

Let us pass now to describe the second step of our program, consisting in letting e — t- 0, 
recovering in the limit sharp area minimizing interfaces in hyperbolic space. The language 
of F-convergence, as shown in [25] in the Euclidean case, provides the natural framework 
to perform this asymptotic analysis (we refer the reader to the book [12] for an extensive 
introduction to the subject). 

Since we are interested in minimal hypersurfaces in hyperbolic space with infinite area, in 
order to perform our variational approach based on F-convergence it is convenient to restrict 
the energy functionals to bounded domains of H"". More precisely, we identify H" with Bi 
according with the Poincare ball model, and we restrict the energy functionals £e{u) defined 
in ()l.ip to balls Br with < i? < 1. Moreover, we fix a boundary condition u = on OBr, 
where belongs to i?/^^(i?i) with \we\ < 1, having in mind = for our purposes, where 
Uf, is the local minimizer constructed in Theorem 11.21 

Let Em — ^ 0, and assume that (up to subsequences) 

(1.5) We,^ ^ w* in Ll,{Bi), fi,^ := e^{^\\VweJ\^ + W^JweJ) dVolg ^ f,*, 

for some w* £ BViodBi; {+1, —1}) and for some locally finite positive measure /i* on Bi. 
We are in a position to define the energy functionals J-£{- ;Wir, Br) : L^{Br) — t- M as follows 

^/2e£,{u,BR) ifuGHi^BR), 
oo otherwise in L^(Br), 

where HIj {Br) is the set of functions with trace on OBr equal to Wi,. Note that J-'j is 
lower semicontinuous even if it could be infinite on some u G H}^ (Br), because we impose 
no growth condition on Wg at infinity. 

Given v £ L^{Br), denote hy v = Vw* the extension of v to coinciding with w* 
on Bi \ Br. The candidate F-limit of the functionals Fe is the functional F{ - ;w* ,Br) : 
L^{Br) M defined as 

(1.7) ^(„;„-,B„):=|^-l°-l-.('«) " ^ S^Bh; {+1, -1}); 

l^+oo otherwise in L (Br), 

where 

Cw = j ^yJW{s)ds, 

and I • \BVg denotes the intrinsic total variation in the hyperbolic space (see Section [2] for the 
precise definition). 
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The following result describes the asymptotic behavior of the energy functionals J-^ as 
e ^ 0. 

Theorem 1.4. Let 0, and let w^^ he a sequence of boundary conditions satisfying (|1.5p 

for some suitable w* and fi* . The following compactness and T -convergence result holds. 

i) (Compactness.) Let < i? < 1 he fixed, and let he a sequence in L^{Br) with 
\vem\ < 1 that J^e,niv£„^',W£^, Br) < C, for some constant C independent of Em- 
Then (up to a subsequence) v^^ — )■ v* in L^{Br) for some v* G BV{Bji; {+1, — !})• 

ii) (F-convergence.) Let < R < 1 he such that fj,*{dBR) = 0. Then the following 
T-convergence inequalities hold. 

i) (T-liminf inequality.) Let v^^ v in L^{Bp>). Then we have T{v]w* ^Br) < 
lim inf {ve^ ; ^Br); 

ii) (T-limsup inequality.) Let v G L^{Br). Then there exists a sequence v^^ v in 
L^ {Br) such that T{v; w* , Br) > lim sup^^ {ve^ ; We^ ,Br). 

This result represents the counterpart in the hyperbolic space of the classical F-convergence 
result |25j for phase transitions in the Euclidean space. As for the Euclidean setting [25], the 
bound Ii'e^ I < 1 in the compactness statement is very natural because the energy functionals 
decrease under truncation, and it can be dropped assuming super-quadratic growth conditions 
on the potential W at infinity, like in the model case Wg(n) = ^(l-n2)2. Note also that the 
F-limsup inequality would fail if in ()1.7p we neglect the contribution due to the possible jump 
between w* and v across OBr. In addition, the fact that this boundary contribution depends 
only on w* is indeed a consequence of the assumption n*{dBR) = (see Remark l5.ip . The 
previous F-convergence result, applied to the local minimizers yields the following theorem. 

Theorem 1.5. Let ri+ and Cl^ be disjoint open subsets of S^~^{oo), and let F := S^~^{oo)\ 
(il+ U S7^). Let Em ^ and let u^^ he the locally minimizing entire solutions of (jl.2p given 
by Theorem and Theorem \1.3X Then the following holds. 

i) Up to a subsequence, u^^ — u* in Lj^^{Bi) for some u* G BVioc{Bi;{ — 1,1}). More- 
over, the jump set Su* satisfies Su* C conv{F), and dQ,~^ D C 5„* n S'"'~"'^(oo) C F 
(where the closure is understood in Bi with respect to to the Euclidean topology). Ln 
particular, if dn+ = dQ- = F then'S^ r\ S'^-^oo) = F. 

ii) The limit u* is a local minimizer of the total variation, i.e., \u*\BVg{Bii) ^ l^*l_BV'g(BH) 
for every v* £ BViodBi; {+1, —1}) such that the support of {u* — v*) is compactly 
contained in some ball Br, < R < 1. 

iii) The (n— l)-current J^* corresponding to the JUTfip set Sii* is a local mass minimizer, 
therefore for n < 7 it is a smooth (analytic) hypersurface, while for n > 7 it has a 
singular set Z of dimension dim Z < n — 8. Finally, if L := dil^ = = F is a 
hypersurface, then J„* is a smooth hypersurface near the sphere at infinity, touching 
S^~^{qg) orthogonally along L. 

Compactness of local minimizers follows from F-convergence, while the behaviour of the 
barriers as — )• allows to use all the information on the zero sets and to control 
the position of the jump set Su* and its behaviour at infinity. The minimality property of 
u* is a direct consequence of the fact that the minimality of Ug passes to the limit under 
F-convergence. The last part of the theorem is essentially well known, so we include it just 
for reader convenience. Indeed, the minimality for the current Ju* corresponding to Su* is 
standard and its interior regularity is a consequence of the celebrated regularity results for 
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codimension-one mass minimizing currents (see [H])- On the other hand, the last statement 
concerning boundary regularity and orthogonality at infinity has been established in [17]. 

When fi+uri" is a dense open subset of 5"~^(oo), the existence of a minimal hypersurface 
asymptotic to F at infinity was originally proved in [3] for F = dil.^ = dfl^ and F = L 
an immersed smooth hypersurface, while for very irregular (possibly fractal) interfaces F = 
dQ^ = dil.~ the result has been proved in [2Tj. Here we consider a more general case without 
assuming f]+ U Q~ dense. As a consequence the hypersurface is hinged at infinity only on 
the contact region n dQ~ , while we expect that Ju* (and indeed also its boundary at 
infinity) is a minimizer of a suitable free boundary problem. 

Now we would like to discuss few possible directions of investigation. In our opinion it would 
be interesting to extend the phase transition approach to the case of constant mean curvature 
hypersurfaces with prescribed asymptotic boundary, as constructed in [31] and [16] working 
with finite perimeter sets, and with the prescribed mean curvature equation respectively. On 
the other hand, another direction of investigation could be, in the same spirit of [_4j, to study 
minimizing solutions to ()1.2p on hyperbolic manifolds, i.e. to investigate entire solutions to 
()1.2p which are invariant under some discrete cocompact subgroup of isometries in H". It 
would be interesting as well to push further this method in order to deal with the vector valued 
case. In this way, one could obtain minimal surfaces of higher codimension with prescribed 
behavior at infinity (already constructed in [3] using geometric measure theory) as a limit of 
solutions of elliptic systems. In the Euclidean framework the picture is quite well developed; 
the F-convergence result has been done in [1] , while for the asymptotic analysis of minimizers 
in the codimension- two case we refer to |22j . 

Finally, we mention that for n = 2 a discrete analogue of our problem is given by the 
Ising model on hyperbolic graphs (i.e. on Cayley graphs corresponding to discrete cocompact 
groups of isometries acting on the hyperbolic plane) considered e.g. in ^29j. For this model, 
we expect existence of uncountably many distinct local minimizers of the Hamiltonian which 
should be the natural discrete counterpart of the ones given by Theorem ll.21 The presence of 
several local minimizers would be consistent with the existence of uncountably many mutually 
singular Gibbs measures on the the set of all spin configurations, rigorously proved in [29^ 
Theorem 1], for sufficiently high inverse temperature. 



2. Preliminary overview on the hyperbolic space 

In this section we will briefiy review the hyperbolic space, described according with the half 
space model and the Poincare ball model. For each of these models, we recall the corresponding 
metric, the volume element, the geodesies, and the notion of sphere at infinity. We introduce 
in these models our energy functional and the corresponding Euler-Lagrange equation. We do 
not review the description of the group of isometries of each model in terms of their conformal 
homeomorphisms and instead we refer the interested reader e.g. to Chapter 3. Finally 
we recall the basic definitions of BV functions on the hyperbolic space that we will need in 
the last section of the paper. 

2.1. The half space model. In this model, the hyperbolic space is given by the half 
space 

M!^ :={(xi,...,x„) GM" : > 0}, 
Preliminary version - February 10, 2010 - 18:05 
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endowed with the Riemannian metric 



g ■ 

The induced volume element is given by 



where dx denotes the usual Lebesgue measure in M". 

The compactification of the hyperbolic space is obtained adding to the so called Sphere 
at infinity 5"~^(cxd), that in the half space model is given by 

5"-i(oo) :=aM!^U{oo}. 
Given two points p and q £ M"", the geodesic joining p and q is given by an arc of circle or 
by a segment (joining p and q), contained in the only semi-circle or half line through p and q 
and touching the hyper-plane f?M" orthogonally. 

Finally, since Vgu{x) = x^Vtt(x), the energy functional (jl.ip can be rewritten more ex- 
plicitly as 



(2.1) £,{u, A) := / (IxllVuf + W^iu)) J, 

J A ^ X^ 



while, recalling that fe{s) = —W'{s), the corresponding Euler-Lagrange equation (|1.2p reads 
as 

(2.2) xl^u + {2-n)xnd^^u + fe{u) = {). 

2.2. The Poincare ball model. In this model the hyperbolic space H" is given by the unit 
ball 

Bi := {x G : |2;| < 1}, 
endowed with the Riemannian metric 

^' (l-|x|2)2- 

The corresponding volume element is given by 

dVoL, : = 



9- (i_|^|2)n- 

The Sphere at infinity S'^~^{oo) in this case is just given by dBi. Moreover, given two 
points p and q £ H"', the geodesic joining p and q is given by an arc of circle or by a segment 
(with extremes p and q), contained in the only circle or chord passing through p and q and 
touching dBi orthogonally. 

Finally, since Vgu{x) = ^i^^VM(x), the energy functional (jl.ip is given by 

(2.3) £e{u,A) := ^ (1(1 - \x\^f\Vu\' + Ty,(n)) -^"^"^ 



■ |x|2)«' 

while the corresponding Euler-Lagrange equation ()1.2p reads as 



(2.4) ^^^^^div ((^-^)'""vn ) +/,(n) = 0. 
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2.3. BV functions in H". For the general theory of functions of bounded variation, we refer 
to the standard reference monograph [2], and we refer to p4] for the theory on Riemaniann 
manifolds ; here we recall some basic definitions and properties we need in the sequel, confining 
ourselves to BV functions defined on the hyperbolic space H". 

Given any open set ^ CC H" compactly contained in H", we recall that u £ BVg{A) if 
u € L^{A, dVolg), and it has finite total variation |ti|_BV9(/l); where 

\u\BVg{A) ■■= '^^pj/ ^ divg<i>dVolg, ^ G C^{A;TA), ||^>|| < l| < oo. 

Note that, since the hyperbolic metric is locally equivalent to the Euclidean one, we have 
(for any model of H") BVg{A) = BV{A) with equivalent, but not identical norms. As for 
the Euclidean case, we say that u £ BVg^iociM^) if u (restricted on A) belongs to BVg{A) 
for every open set A compactly contained in H. In this case it turns out that the jump set 
S{u), i.e., the set of points x £ A which are not Lebesgue points of u (also referred to as the 
singular set of u), is (n — l)-rectifiable, that is there exists a sequence of hypersurfaces 
(Mj)jgN such that S{u) C UjMj up to a set of ^"■"^-measure zero. 

We are interested in functions u £ BVioc,gOS[^',{—^,+^}), i-e., functions u £ BVg^iociM"') 
valued in {—1, +!}• For such functions we denote by \Dgu\{A) = \u\by the total variation 
of u on ^. It turns out that \Dgu\{-) is a locally finite Borel measure on M", and the following 
representation formula holds 

(2.5) \Dgu\{A) =2'H'^-'^{S{u)nA) for ah open set ^ CC M", 

where denotes the (n — l)-dimensional Hausdorff measure associated to the hyperbolic 

distance on H". Notice that, in the half space model, we have 

(2.6) \Dgu\{A) = 2f 

Js{u)r\A Xn 

where dW^^^ denotes now the standard Euclidean (n — l)-dimensional Hausdorff measure, 
thus it is the usual Euclidean formula up to a conformal factor due to the hyperbolic metric. 



3. OnE-DIMENSIONAL PHASE TRANSITIONS 

In this section we will construct elementary solutions to equation ()1.2p . i.e., solutions 
corresponding to the case when 0+ and are disjoint spherical caps with common boundary. 

We will work mainly in the half space model, where we construct elementary solutions 
through a one dimensional reduction, then solving an ODE in M by a minimization argument, 
in the spirit of p]. Our method will produce in particular odd solutions h^, and this property 
will be essential in our approach, since it provides the desired asymptotic behaviour as e — )• 
of the barriers V^, V's that we will construct in SectionHl Moreover, we give a uniqueness result 
for solutions of the ODE vanishing at zero, which in turns yields the uniqueness property for 
elementary solutions vanishing on S. 

3.1. One-dimensional reduction and existence for the ODE. Here we are looking for 
particular elementary solutions u{xi, . . . ,Xn) to equation (j2.2p . which are odd with respect 
to xi, and satisfying the boundary condition u{x) = sgn(a;i) on the hyperplane {x„ = 0}. 
More precisely, we construct one dimensional solutions, which are constant on the level sets 
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= c} of the distance function from T,q := {xi = 0} C M^. Thus, enforcing that the 
solution takes the form 

Ueix) = 9s( — ), 

we obtain the fohowing boundary value problem for (jre(^), C = > 



(3.1) 



ii+e)9':io+nUic) = -fe{9em 

gei±oo) = ±1. 



Since the signed distance d from Sq satisfies d(x,So) = sinh ^(^), it is convenient to set 
T = sinh~^(^) and to define /i£(r) = ge{0^ so that he has to solve 



(3.2 



\h'^{T) + (n- l)tanhT/i;(T) = -/,(/i.(r)); 
|/i,(±oo) = ±1. 

Such equation is the Euler-Lagrange equation of the energy functional 



(3.3) Es{h) = j (^^/I'V We(/i)) cosh"-V(iT. 

Proposition 3.1. Let e > and let fg = —W^, with W satisfying the assumptions in (|1.3p . 
Then problem (|3.2p admits a solution h^ which is odd and strictly increasing. 

Moreover, Efr{hir) <C/e for some positive constant C independent of e, and heir) — )• sgn{T) 
locally uniformly in M \ {0} as e — )• 0. 

Proof. In order to find a solution of equation (13. 2p . we consider the following minimization 
problem 

(3.4) mm{Ee{h), h G HI,(R+), h{0) = 0}. 

Let as first prove that the minimum problem (j3.4p admits a minimizer hf which is increasing 
and satisfies he{+oo) = 1. 

Let /i+fc be a minimizing sequence for ()3.4p . Since the potential W is even, we may assume 
without loss of generality (taking the absolute value if necessary) that /i^^ are positive. Since 
hff^ have finite energy and /^^^(O) = we easily deduce that hfj^ is bounded in ff;^^^(M+), i.e., 
it is bounded in H^{0, M) for every positive M. Therefore, in view of the compact embedding 
^loc ^ Qoc ^ diagonal argument yields that (up to a subsequence) converges locally 
uniformly to some continuous function hf, with hf{0) = 0, and /ij"^ ^ hf in H^{0,M) for 
every M, so that in particular hf belongs to i?j^^(M_|_). Since for all positive M the functional 
Eg; is weakly lower semicontinuous in H^{0,M), and since hfj^ is a minimizing sequence, we 
have 

[-{hfy' + We{hf)) cosh«"i rdr 

< liminf / ( -(/i+fc)'' + We{hf^)) cosh""i rdr < lim^,(/i+J = inf 

Since /i^ is an admissible function in the minimum problem (|3.4p . passing to the limit 
for M — )• oo in (13. 5p we conclude that hf is a minimum point. Clearly hf ^ and since 
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it has finite energy, by a truncation argument we also deduce that < hf < 1 and that 
Hmsup,- /i^ = 1 as T — )• oo. 

Setting 'Wi;{t) := min{T/e, 1} we have that E^iw^) < Ce^^ for some C > independent of 
£, and therefore 

(3.6) E,{ht) < E,{we) < J. 

Let us prove by a contradiction argument that hf is non decreasing. Since hf is continuous, 
< hf < 1 and Hmsup^/i^ = 1 as r — t- oo, we may assume by contradiction that there 
exist three points ti < T2 < with < hf{T2) < hf{Ti) = h^ir^) < 1. Set w{t) = 
niax{hf (t) , hf (t^)} for every r G (tijT^). Then, replacing hf with w in (tijT^) we obtain an 
admissible function h, with Ei.[h) < E^{h'^), which is in contradiction with the minimality of 

. Now we claim that we have (hflr))' > in [0, oo). Indeed, if r = then (/i+(r))' > 
because otherwise we would have by ODE uniqueness hf = 0, which contradicts E^(hf) < ^. 
While for r > 0, if {hf{T))' = equation (|3.2|) would imply {hf^r))" < 0, which is in 
contradiction with the monotonicity of hf because (hf)' would be negative just after r. 

By the fact that hf is bounded and increasing we deduce that it admits limit for r — )• 
oo; moreover hf{+oo) = 1 because Ei;{hf) < Cje and W(t) = exactly on {t = ±1}. 
Analogously, since E^ihf) < Cje it also follows that hf converges to 1 locally uniformly in 
M+. 

Finally, we define h^rij) as the odd reflection of hf ^ i.e., h^ij) := sgn(r)/i+(|T|), hence 
/ig G C^(M). By minimality we have that hf solves the equation in (0, +oo), and therefore h,, 
is a solution of ()3.2p . and it has all the desired properties. □ 



3.2. A uniqueness property for solutions of the ODE. In this paragraph we provide a 
variational characterization for the solutions of problem (j3.2p . As a consequence we obtain 
that there exists a unique solution vanishing at zero. We start with the following lemma. 

Lemma 3.2. Every solution to problem (j3.2p is strictly increasing and has finite energy. 



Proof. Let be a solution of p.2p . In order to prove that it is strictly increasing, it is 
clearly enough to show that k'^ir) 7^ for every r G R. To this purpose, set V{h,h') : = 
l/2{h'{T)f - W{h). It is easy to see that 

(3.7) l.v{k,{T)X{r)) = -(n- l)tanhr(fc^(r))2. 

Assume by contradiction that k'^{f) = for some r G M. Then we clearly have |A;e(f)| 7^ 1 by 
ODE uniqueness, and therefore, V{k£{f), A:^(f )) = a < 0. We consider only the case f > 0, the 
other case being analogous. By (j3.7p we deduce V{ks{T), k'^{T)) < a < for every r > r, which 
clearly gives a contradiction since liminf^_>.oo ^(/^^(t), k£{T)') > liminf^_j.oo —W{ke{T)) = 0. 

Let us prove now that k^ as finite energy. Multiplying both sides of ()3.2p by k'^ cosh"^^ r 
we have 

(3.8) — f -(A;;)2cosh""Vj + (A;;)^ cosh^^-^ r tanhr + /e(/fc^)A;^ cosh^'V = 0. 
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Integrating equation (j3.8p between f := k~^{0) and r G M, we deduce 

(3.9) Q(A;;(r))2cosh"-ir^ + (^!^^(k'^(s))Hanhs + fe{ke{s))k'^{s)^ cosh""^ sds = 
Since fe{t)t > for \t\ < 1 and k'^ > 0, we easily obtain that for every r G M 

Q(^eW)^COsh"-lr^ + feikeis))k',is)cOsh'^-^ Sds > 0. 

Since tanh(s) — )• ±1 as s — )• ±00, ()3.9p yields 

(3.10) / ^(A:;(r))2 cosh'^-Hr) dr < 00, (^^(r))^ cosh"-i(r) < C < 00 for every r G M. 
By (|3.9p and (|3.10p we easily deduce that 



(3.11) 



< C for a constant C independent of r. 



fe{ke{s))k'^{s) cosh''-^ s ds 
A simple integration by parts gives 

(3.12) Uk,{s))k',{s) cosh"-i s ds = 

= [ (n-l)Tye(A;£(s))cosh"-^stanhs-4(We(A;^(s))cosh"-^s)ds = 
Jf ds 

= j {n- l)WeiK{s)) cosh"-i s tanh s ds + ^^(^^(f )) cosh"-^ f - Weik,{T)) cosh""! r 

Taking into account the exponential decay of A;^ given by the second inequality in ()3.10p . a 
simple integration yields the exponential decay of 1 — ^^(r), so that (1 — A;^(r))^ cosh"^"*^ r < 
C < 00 for every r. By Taylor expansion around the minima of W we also get 

(3.13) Wsikeir)) cosh'^-i r < C < 00 for every r. 
By ([XTTjl . ([XT^ and (1^1) we deduce that 

/ M/e(A;£) cosh"-^(r) dr < 00, 

which together with (j3.10p yields E^{ki;) < 00. □ 



Proposition 3.3. Every solution k^ to (|3.2p is strictly increasing and minimizes the energy 
in (|3.3p among all smooth functions h satisfying /i(iboo) = ±1. 

As a consequence, the solution he provided by Proposition \3. 1\ is the unique solution to p.2p 
vanishing at zero. 

Proof. In view of Lemma 13.21 we have that ks is strictly increasing and it has finite energy. 
Now we show that fc^ is the unique energy minimizer in every compact interval I C M, with 
respect to its own boundary values. We will use a contradiction argument similar to the one 
in the proof of [271 Theorem 2.3]. Assume that there exists an energy minimizer 7^ k^ (with 
the same boundary values), set Ai := {j^ > k^}, A2 := {je < k,.}, and let us show that both 
these open sets are empty. We show only that Ai = (/>, since A2 = 9 can be proved in the 
same way. If Ai 7^ 0, then there exists a maximal interval Ii := (ri,r2) C yl^ C I. Since Ii 
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is maximal, we clearly have je^Ti) = k^{Ti) for i = 1,2. By construction, and in view also of 
ODE uniqueness, we have 

(3.14) jUn) > Kin) > 0, jUr2) < K{t2). 

Set Tmin = T2 if Je > in (ti, r2), and otherwise we set r^m to be the minimal r G (ti, such 
that ^^(r) = 0. Both in the case Tmin < T2 and Tmin = T2, in view of (j3.14p we deduce that 
the trajectories corresponding to js and /cg cross each other in the phase space {h,h') G M?, 
i.e., there exists ti, t2 G (Ti,rmm) with 

(3.15) {Mh),j'^{ti)) = {K{t2),K{t2)), 

and we may assume that ti and ^2 sue the minimal times such that (j3.15p holds. By con- 
struction and fee are strictly increasing in {Ti,Tmin), so that we can consider their inverse, 
and we have j'^{j^^{h)) > k'^{k-^{h)) for all h £ {je{Ti), je{ti)) = (^^(ti), fce(T2)). Since 

dh 



iMr.) feije\h)y 4(n) A;^^^^ (/l)) ' 

we deduce that ti < t2- In addition, by construction we have 

j'Jitl) d / d _ k'J{t2) _ K{t2) 



and hence j'J{ti) < k"{t2). On the other hand, equation (j3.2p implies that 
j'^ih) = -{n- l)ta.nh hj'^ih) - fe{je{h)) > -(n - 1) tanht2 ^(^2) - fe{ke{t2)) = ^^'(^2), 

that together with j'J{ti) < k'l[t2) provides a contradiction. This shows that = k^, and 
hence concludes the proof that k^ is the only energy minimizer in / with respect to its own 
boundary values. 

Now we show that kg, is an energy minimizer among all smooth functions h such that 
/i(±oo) = ±1. To this purpose, let ^m{T) ■= ^(t/it^) be a sequence of standard smooth 
cut-off functions, i.e., ip £ C^(M), < < 1, 92 = for |r| > 1, = 1 for |r| < 1/2. Given 
any smooth /i^ with finite energy such that hf°° = ±1, we set /i^^m := ^mke + (1 — ipm)he- 
Since kg minimizes the energy in any interval Im '■= {—m,m), we have 

(3.16) E,{k„Im) < E,{h,^^,I^) < E,{he,m,Im\Im/2)+Ee(,h,), 

where E^{h,J) denotes the integral on the set J of the energy density of h defined in (|3.3p . 
It is easy to check that, as m — )• 00, E^{he^m, Im \ Im/2) ~^ and, in view of (|3.16p . we easily 
conclude E^{k£) < E^i^h^), i.e., k^ is a minimizer. 

Finally, we pass to the proof of the uniqueness of as given by Proposition 13.11 To this 
purpose let ke be a solution to (|3.2p vanishing at zero, and let us prove that hgr = k^. Notice 
that, in view of the previous part, both and k^ are energy minimizer, hence, by standard 
odd reflection arguments, we have 

E,{hs,R-) = Ee{he,R+) = E,{k„R-) = E,{h„R+). 

Therefore also the function defined as in IR~ and as k^ on is an energy minimizer. 
Thus, je satisfies ()3.2p and by standard ODE regularity we deduce that and k^ have same 
derivative at the origin, therefore they coincide by ODE uniqueness. □ 
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3.3. Existence and uniqueness of elementary solutions of the PDE. We are in a 

position to prove Theorem II. 1[ It is clear by our construction that, for Sg = {xi = 0} in 
the half-space model, the function U£{x) := Sq)) is a solution to equation (|1.2p with 

boundary conditions as x„ \ given by C/e(x) = sgn(xi). Clearly, such solution can be 
viewed in the Poincare ball model, and the corresponding boundary conditions are given by 
Uei^x) = ±1 on two disjoint half spheres of the sphere at infinity S'"'~^(oo). 

In the general case, we set Us{x) = hg{d{x,T,)) and we may assume S = T{T,q) for some 
hyperbolic isometry T. By definition of Ue we have 

Ue{T{x)) = he{d{T{x),Y.)) = /i,(d(T(x),T(So))) = /i,(J(x,So)). 

Since equation (jl.2p is invariant under isometries, we conclude that Ue{x) is a solution of equa- 
tion (|1.2p . and by construction it clearly satisfies the desired boundary conditions. Moreover, 
as a direct consequence of Proposition 13. II and of the previous equalities, we also deduce that 
C/e = on S, and Ue{x) — sgn(d(x, S)) locally uniformly in i?i \ E as e — )• 0. 

Let us pass to the proof of the minimality property of U^- We will work in the half space 
model, and since the local minimality property also is invariant under isometries, we may 
assume without loss of generality S = Sq = {xi = 0}. Our proof is based on a uniqueness 
argument and a sliding technique, inspired by the two dimensional analysis done in [llj 

To prove the minimality of Ue in any regular open set ^ CC we will prove indeed that 
any solution Ue of equation (II. 2p in A, with — 1 < f/g < 1 and coinciding with on dA^ is in 
fact equal to Ue. This is enough to conclude since in an open set A any minimizer is clearly 
a solution. 

Note that, by standard truncation arguments, any local minimizer satisfies \Ue\ < 1, 
and indeed iC/gl < 1 in A by standard maximum principles. Therefore, it remains to prove 
that Ue = Ue- We will prove the inequality Ue < Ue, the other inequality being analogous. 

Since he is increasing, we deduce by construction that also Ue is increasing with respect to 
xi. As a consequence, we have that the functions Ue^ri • ) := C4( ■ +Tei) are well ordered, i.e., 
Ti < r2 =^ Ue^n < Ue,T2i aiid Ue^r — )• ±1 Uniformly in ^ as r — )• ±00. Since — 1 < C4 < 1 in 
A, we have that Ue < Ue.r for r large enough. By continuity there exists a minimum r G M, 
denoted by Tmin-, satisfying Ue < Ue^r in A. Clearly we have Tmin > because of the values at 
the boundary. If Tmin > 0, then there exists x £ A with Ue{x) = Ue^Tmini^)^ but since Ue^r^^^ 
is also a solutions, this is in contradiction with standard maximum principles (see for instance 
|11|, Lemma 2.3]). Therefore we have Tmin = 0, and hence Ue < Ue- Arguing similarly we also 
get Ue > Ue, whence Ue = Ue and Ue is a local minimizer. 

Finally, let Ue be a solution to ()1.2p satisfying the same boundary conditions of Ue on 
S^~^{oo). According to [9l Theorem 3.5], Ue is indeed one-dimensional, i.e., Ue{x) = ke{d{x, S)) 
for a suitable ke solving problem 13.21 Since = on S, we have ke{0) = 0. By Proposition 
13.31 we infer he = ke, so that Ue = Ue, that concludes the proof of Theorem 11.11 

Remark 3.4. It would be interesting to know whether the uniqueness statement in Theorem 
11.11 still holds without the assumption = on S. In light of [9", Theorem 3.5], this 
uniqueness property is indeed equivalent to the uniqueness of the solution h of (|3.2p . We 
have proved this uniqueness property in Proposition 13. 31 onlv under the additional assumption 
h{0) = which corresponds to f/g = on E. Finally, we notice that the uniqueness property 
is know to fail in the Euclidean context because of the translation invariance of the equation. 
On the other hand, in the hyperbolic space, due to the presence of the weight cosh"~^ r in the 
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energy functional (j3.3p there is no translation invariance, and since the weight is increasing 
in |r|, it seems very likely that the minimizer vanishes at zero. 

4. Multidimensional phase transitions 

In this section we will construct our minimizing phase transitions in hyperbolic space with 
prescribed boundary value at infinity. More precisely, we will construct global solutions for 
the equation (11. 2p that are local minimizer of the energy functional (II. ip , and satisfying the 
prescribed boundary conditions u = ±1 on given open subsets Q,'^, Q,^ C ^"^^(oo). 

As a building block, we will use the one dimensional solutions obtained in Section [3] to 
construct barriers -0^, defined as the supremum and the infimum, respectively, of suitable 
one dimensional solutions. Such barriers, in view of the inequality -0^ < tie < V'e) will be 
used to control the behaviour of the solution Us at infinity. We adopt a strategy similar to 
the one suggested in [T5] and used in [20] in dimension two. Thus, we construct Ug as the 
limit of energy minimizers Us^r defined on a family of exhausting subdomains, and with free 
boundary value between ^ and In view of comparison principles, we show that the 
inequality < u^^/j < holds also in the interior of each subdomain, and it yields in the 
limit ^ < < ■i/'g in the whole H", ensuring in this way that Us attains the desired boundary 
values at infinity. 

As in Theorem II. H let and C~ be disjoint open spherical caps in 5'"^^(oo) (in the 
Poincare ball model) with common boundary L. The sets C"*" and can be equivalently 
described as = Ij.+ {p^), C" = Ir~{p~), for suitable antipodal point G S"'~^{oo) and 
suitable radii with + r~ = vr, where Ir{p) denotes the ball of radius r and center 
p G S'^~^{oo) with respect to the standard Riemannian distance on the sphere. Moreover, 
whenever ^ ^ 7r/2, the sets C'^ and uniquely determine (and at the same time 
they are determined by) a unique Euclidean ball B (actually a half space in the limiting case 
r"*" = r~ = 7r/2). Indeed, let Cmin be the smallest spherical cap between C"*" and C~. Then 
there exists a unique Euclidean ball B such that B D S"'-^{oo) = Cmin and T. := dB n Bi 
touches dBi orthogonally along L = dT,. 

In our construction of the solution we will use the signed distance function d{x, S) from 
the set S defined above, with the convention d{x, S) — t- ±00 as x — ?■ respectively. 

Note that when = r~ = 7r/2, the corresponding S is a (n — l)-dimensional disk; e.g., 
S := So = {xn = 0}. Moreover, all the sets E's are isometrically equivalent, and hence in 
particular there they are isometrically equivalent to Eg. 

4.1. Sub-solutions and super-solutions. In this part we will define suitable barriers for 
the solution to equation (II. 2p which we will construct in the next paragraph. The idea here is 
to combine one dimensional solutions provided in Theorem ll.il corresponding to two families 
of spherical caps, exhausting the open sets O"*" and Q~ respectively. 

The following lemma establishes a monotonicity property for the family of one dimensional 
solutions. 

Lemma 4.1. Let {C^^C^} and {C^,C^} be two pairs of spherical caps in S"'~^{oo), and 
let U} and be the corresponding one dimensional solutions given by Theorem \l.l[ 

Then we have < f7| if and only if C C^. Moreover we have strict inequality 
Ul{x) < U^{x) for every x G whenever the inclusion C is strict. 
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Proof. Assume U]: < C/| and let p G . Since f7| < 1, we have 1 < lim^.^p U]: < liui^^p C/| < 
1, i.e., X £ C2 ■ We conclude that C C^. 

Now, Let Si and S2 be the zero level sets of Ui and U2 respectively, so that U^{x) = 
C/|(x) = /i,(J(x,E2)). 

If Ci C C2 , then ci(-. Si) < d{-, S2), and the inequality is strict whenever the inclusion is 
strict. Since /i^ is strictly increasing the conclusion follows. □ 

Another useful property of one dimensional solutions is that they are essentially closed 
under uniform convergence of compact sets. More precisely we have the following lemma 

Lemma 4.2. Let be one dimensional solutions, corresponding to pairs of spherical caps 
Cm with common boundary. Up to a subsequence, we have [7™ — )• Ue locally uniformly, 
for some solution Ue of equation (II. 2p . Moreover, either Ug = ±1 or it is a one dimensional 
solution corresponding to some spherical caps , C~ . 

Proof. Since the compactness property of C/™ is clearly invariant by composing [7™ with a 
convergent sequence of isometrics, we may assume without loss of generality that C+ and C~ 
are concentric. Let S™ be the spherical caps corresponding to the zero level sets of U^. Let 
Tm be the hyperbolic isometrics mapping S^ into Sq := {x„ = 0}, corresponding to pure 
dilations in the half-space model. Up to a subsequence, we have that either converge 
locally uniformly to some limit isometry T, or Tm converges locally uniformly to the constant 
map T{x) = p, where p is a center of the concentric caps C+, C~. 
In the first case, set S := T~^(So), 

Usix) := hMx,^)) = he{d{Tx,T^)) = /i,(J(rx,So)), 

and and C~ the corresponding spherical caps. Since /i^ is continuous and Tm converges 
to T locally uniformly and 

U^{X) = hMx,^m)) = hMx,T^^^o)) = /i,(J(r„X,So)), 

we deduce that U^ converges locally uniformly to the function Ug, that has all the desired 
properties. 

Finally, in the second case we have S^ n = for every compact set K C and m 
large enough. Then, it is easy to see that d{x,Tim) — >• ±00 locally uniformly in H", hence 
up — ±1 locally uniformly. □ 

Now we will construct the barriers V^, ipi,. Let Q^, be disjoint open subset of S''^~^{qg), 
and let (C"*", C~) denote any pair of disjoint spherical caps in 5'^~^(oo) with common bound- 
ary. We set 

(4.1) := {{C+,C-) : C+ cn+}, := {{C+ ,0') : C Q-}. 

Given a pair (C^, C^), the corresponding one dimensional solution provided by Theorem ll.il 

will be denoted by ' . Finally, for every x G H" we set 
(4.2) 

i^{x) := sup{C/f^'^ (x), {C+,C-) G ij,{x) := mf{U^^'^ (x), (C+,C-) G T'}. 

In the next proposition we summarize some properties satisfied by the barriers just introduced. 
Proposition 4.3. The barriers V^, 'i/'e defined in (14. 2p are Lipschitz in H" with respect to the 
hyperbolic metric. In addition, we have — 1 < V^(x) < V'el^) < 1 for all x G H". Moreover 
for every p^ G 0^ we have lim3._^p+ ■0 (x) = 1 and lim^-^p- il^^i^) — 
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Finally, either 'iIj^{x) < il^i;{x) for every x G H", or'ip^ = ip^ = t^e for some one- dimensional 
solution Us, and Q'^ and fl^ are open disjoint spherical caps with common boundary. 

Proof. Given S C H", we clearly have that the signed distance d{x,T,) is 1-Lipschitz with 
respect to the hyperbolic distance. Therefore, since the function is Lipschitz, we deduce 
that the one dimensional solutions Us{x) = he{d{x, E)) are Lipschitz in the hyperbolic space, 
with Lipschitz constant independent of S. Therefore, passing to the supremum and the 
infimum respectively, we deduce that the same property is inherited by ip^ and ip^- 

Note that given two pairs (Cj^,C]~) G T"^, (C^,C^) G T~ , we always have C C^. 
Thus the corresponding one-dimensional solutions and satisfy — 1 < C/^ < [/^ < 1, 
with strict inequality unless (see Lemma HTTI) (C^jCi) = (Cg^jC^). Taking the supremum 
and the infimum respectively on J^^ and J-"^ we obtain — 1 < V^(x) < ip^i^) < 1. 

Since the families of spherical caps in give coverings of Q^, then the limits lim^^p+ ip^{x) = 
1 and lim^_^p~ ip^^x) = — 1 follow easily by construction of ip^, tp^, and in particular by the 
asymptotic behavior of one-dimensional solutions, stated in Theorem ll.il 

Finally, assume that equality holds at some point x G H". Then there exists sequences 
{iCtm^C{,J} C {{C^rn^C^^J} C , C+„ C C+„, such that the corresponding 

solutions Ul^, C/|„j satisfy U},^ < U^^ and hmm^oo Ul^{x) = hmm^oo = I G (-1, 1). 
Since I G (—1,1), by Lemma [4.21 we deduce that (up to a subsequence) ^ ^ locally 
uniformly, for some one dimensional solutions U^, corresponding to some spherical caps , 
for i = 1, 2. Clearly < C/| in H", hence Q by Lemma Wl\ On the other hand, 
Ul{x) = U^ix) = I, so that, in view of Lemma |4.H C/^ = ^ = -0^ = C/| and the proof is 
complete. □ 

4.2. Construction of solutions of the PDE. Here we will prove Theorem 11.21 In partic- 
ular, we will construct global solutions for the equation (jl.2p that are local minimizer of the 
energy functional (jl.ip . and satisfying the prescribed boundary conditions u = ±1 on given 
open subsets n+,n- C ^"-^(oo). 

First we consider an increasing sequence — )• 1, and construct energy minimizers u^^k 
defined on Br^, with ^ < u^^k < V'e- Then, letting k — t- oo, we obtain by compactness a limit 
solution Us := lim^ Us^k such that < Us < ips, in the whole hyperbolic space H". 

Let Tfc G (0, 1) be fixed. The solution Us^k in -Sr^ is defined as a minimum point of the 
following minimization problem, 

(4.3) mm{£s{u,Br,),ue i^^,(BrJ} 

where £s is defined in (|2.3p and H^^ {Br^. ) denotes the set of functions with traces on dB^.^^ 
between xp^ and ^ps. 

Proposition 4.4. The minimum problem (14. 3p admits a minimizer Us^k G ^^^i^r^), satis- 
fying 'ip^ < Us^k ^ "^s ^'^ ^rk- Moreover Us^k £ C^i^r^) is a classical solution of (jl.2p . 

Proof. Assume first V^(x) = ipsi^) some x G H". In view of Proposition 14.31 we have 
ip^ = ips = Us for some one dimensional solution Us- Since Us is a minimizer of (j4.3p with 
respect to his own boundary conditions (indeed, following the proof of Theorem 11.11 the 
unique minimizer) , we conclude that u™^ = C/^ is a solution of (|4.3p . 
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Now assume ip^ < ip^, in Bi. Let u^^ be a minimizing sequence for problem ()4.3p . Because 
of the strict inequality, by standard truncation and approximation arguments we may assume 
that vJ^^ are smooth up to the boundary and less than or equal to one in modulus. Notice that 
the energy functional in (14. 3 p is sequentially weakly lower semi-continuous on H^, so that, 
following the direct method of calculus of variations, the energy admits a minimizer among 
all u £ H^iBr^) with u = g on dBr„ where g e H^/^{dBr^) is a given boundary condition. 
Therefore, by further minimization we may assume that minimize (|4.3p with respect to 
their own boundary conditions g^f^ := Tr{u^f^), where Tr denotes the trace operator. In 
particular ti™^ solve equation (j2.4p with smooth boundary conditions 5^^, so that they are 
smooth (say C^) up to the boundary by standard regularity theory for elliptic equations. 

Now we aim to prove the inequality -tp^ < n™^ < tp^ in B^,, ■ We will prove just the inequality 
< u^k^ proof of the other one being entirely similar. By definition of V^, it is enough 
to prove the inequality Us < in for every one-dimensional solution Us corresponding 
to some spherical caps (C+,C~) G according with (j4.ip . Since Us < holds on dBr,, 
and since the solutions ti^^ belong to C'^{Br^) n C^{Br,,), we can repeat the sliding argument 
used in the proof of Theorem 11.11 to obtain the inequality Us < in B^,. ■ This concludes 
the proof of 

(4.4) t^<nT^,<i^, in Br,. 

Now, letting m — 00, up to a subsequence we have ^ Us^k for some Us^k G H^{Br^). Since 
u^j, is a minimizing sequence, by lower semi-continuity we conclude that Us^k is a minimum for 
the variational problem ()4.3p . Clearly, Us^k is a solution of the corresponding Euler-Lagrange 
equation (j2.4p . and hence it is in 5^^. by standard regularity theory. Finally, as m — )• cx), 
by (|4.4p we deduce ^ < ^ < ip^ in Br,, as desired. □ 

We are in a position to complete the proof of Theorem II. 2[ As already explained, the last 
step consists in taking the limit of the solutions Us^k given by Proposition 14. 4( as — t- 1. 

Proof of Theorem \1.SX Let Us^k be the solutions in Br,, given by Proposition 14.41 Since they 
are equi-bounded and smooth, by standard elliptic regularity theory they are bounded in C^^q", 
and hence they are precompact in Ci^^{Bi). Hence, up to a subsequence we may assume that 
Us^k converge to some Us in Cfg^{Bi). Clearly Us, being limit of locally minimizing solutions, 
is itself a local minimizer of the energy 8s in (jl.ip . and Us G C^(EI") is a classical solution 
of (jl.2p . Finally, since < Us^k < ips i'^ -^r-fe) letting — )• 1 we get < tie < V^e in 
In view of Proposition I-L3I we conclude that Us satisfies the desired boundary conditions, i.e. 
Us G C°(1IUJ^+UJ^-), and Us{x) = ±1 on 9.^. 

Next, we prove the inclusion C conv{F). First we recall that by closed half-spaces 
we mean the closure in of any connected component of H" \ S, where S is (in the ball 
model of H"") a spherical cap touching S^~^{oo) orthogonally. Notice that by Theorem II. H 
we can identify the half spaces with the sets of positivity of elementary solutions, and such 
correspondence is bijective. Now we consider the family of all closed half spaces such that 
their Euclidean closure in Bi contains F. Then it is a standard fact that conv{F) D Bi 
coincides with the intersection of all such closed half spaces. 

By it follows that if Us = Us^'^~ with (C+, C") G then the set of negativity of 
Us is contained in the set of negativity of Us, and an analogous inclusion relation holds for the 
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set of positivity of and for any elementary solution Us = '"^ , with (C+,C~) G 
Thus, varying (C^,C~) in and T~ respectively, we deduce 

K<o}c n {ut''''<o}, K>o}c n {u^^''''>o}, 

(c+,c-)eJ"+ {c+,c-)eT- 

and therefore 

(4.5) K=o}c n {f^r'^"<o}n n {f^r'^">o}. 

(c+,c-)eJ"+ (c+,c-)gJp- 

Since to each closed half space with Euclidean closure in Bi containing F corresponds (either 
the positivity or the negativity set of) an elementary solutions Us = Ue ' (with {C~^, C~) 
either in T~ or in , respectively) the inclusion (j4.5p is equivalent to C conv{F) . 

The inclusion S^n ^"-^(oo) C F is now a direct consequence of C conv(F) and 
conv{F) n ^""^(oo) = F, so we pass to prove the inclusion d^l~^ n dQ~ C n S^^^{oo). To 
this purpose, it is enough to notice that if x S dQ~^ n dQ~ , then for every positive p there 
exists a continuous path 7 C Bp{x) joining a point of O'*' with a point of 17". By continuity 
of tie, we deduce that there exists x G Bp{x) with n£(x) = 0, i.e., x £ S^. By the arbitrariness 
of />, we deduce X G S;n5"-i(oo) for ah a; G dn+ndn~, that is aO+n90- C s;n5"-i(oo). 

Finally we prove that is always a hypersurface for n < 7 and e < eo sufficiently 
small. We work in the Poincare ball model and we prove the claim arguing by contradiction. 
Indeed, if by contradiction are not smooth, then by the implicit function theorem we have 
that, for some sequence £m 0, there are locally energy minimizing solutions {u^,^} of (j2.4p 
such that (up to hyperbolic isometrics) Ue„(0) = and Vne^(O) = 0. We introduce the scaled 
functions Um £ C^C^^m"^ Bi) as Um{x) = Ue^i^x), so that for each m> 1 each Um solves 

(4.6) (1 - \emx\'^fAum + {n- 2)(1 - |e„xp)e„x • Vtt™ + f{uej = 0. 

According to the standard elliptic regularity theory for (j4.6p the sequence {um} is compact 
in Cj^^, so, up to subsequences, there exists u G C^(]R") such that as m — )• oo we have 
Urn — ?• tt in Cj^j,, u is an entire solution of Au + f{u) = , n(0) = and Vi2(0) = 0. Since 
local energy minimality passes to the limit under smooth convergence, it's easy to check that 
the limiting function u is also a local energy minimizer of the energy functional (jl.ip on M"' 
with the standard metric. Since u ^ ±1, according to [28], Theorem 2.3, for n < 7 we have 
u{x) = g{a ■ x) for some unit vector a G M" and some strictly increasing function g G C^(M) 
vanishing at the origin which solves the ODE g" + f{g) = on the real line. On the other 
hand, since g'{0) = V'u(O) -0 = and / is and odd we conclude g = hy ODE uniqueness, 
which is a contradiction because g is strictly increasing. □ 

4.3. Asymptotic behavior and fine properties of solutions. In this paragraph we study 
the asymptotic behaviour of the solution constructed in Theorem 11.21 under the assumption 
that L := is a hypersurface in the sphere at infinity 5'"^^(oo). First, in Proposition 
I4.5l we show that blowing up the solution around a point of L the sets fl^ converge (under 
scaling) to a pair of (n — l)-dimensional half spaces, while converges to the corresponding 
one dimensional solution given by Theorem II. li As a consequence, we will be in a position 
to prove Theorem ll.3l showing that the zero level set of T, touches orthogonally the sphere at 
infinity along L, and proving the asymptotic expansion ()1.4p for Us near L. In the following 
we set vlIp) the inner unit normal to dfl^ at p. Finally, we define g^ as the solution to 
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problem (|3.ip vanishing at zero, corresponding to the unique solution to (|3.2p vanishing 
at zero (see Proposition 13.11 and Proposition 13. 3p . 

Proposition 4.5. Let and 17" be disjoint open subsets o/5"~^(oo) with common boundary 
L, and assume that L C «S'"'~^(oo) is a smooth hypersurface of class . Let moreover {pk} C 
L converging to some p €z L and Afc \ as A; —)• oo. Finally, let be a local minimizer of 
the energy in (II. ip . such that < < ip^, where ip^ and ip^ are defined in ()4.2p . 
Then, in the half space model H" ~ M"^^ x (0, oo) we have 

(4.7) Ueipk + XkRkV) 9e ( ^^^^^ ^ ) as k ^ oo 

in Ci^^{W^~^ X (0,cxd)), for a suitable sequence {Rk} C 0(M"'~^) converging to the identity, 
with RkVL{p) = VL{pk)- 

Finally, for every {qk} C H" with qk ^ qoo & {^l{p) • 2/ / 0, ?/n = 0} C M"^^ x {0} we 
have Us{pk + XkRkQk) sgn vl{p) ■ qoo as k ^ oo. 

Proof. Up to a translation we can always assume p = £ MJ^^^ x {0}. Moreover, up to a 
rotation R £ 0(M"-i) we can assume that I'Lip) = (l^O, . . . ,0), so that locally around p we 
have L = {(/(x2, . . . , x„_i), X2, • • • , Xn-i)} for some function / such that /(O, . . . , 0) = 0, 
V/(0, ... 0) = 0, and 

n+ = {(xi, . . . , Xn-l) : Xi > /(X2, . . . , X„_i)}, = {{Xi, . . . , Xn-l) ■ Xi < /(x2, . . . , X„_i)}. 

Since — )• p as A: — )• oo and / is we can choose rotations Rk G 0(M"'""'^) C 0(M") with 
Rk — )• Ld such that i?fc(l, 0, . . . , 0) is the inner unit normal to di^^ at pk- Let us set 

V£,k{y) ■■= Ue{pk + XkiRkV)), 

so that v^^k are smooth solutions to equation ()2.2p in M""^ x (0, oo), and let us prove that 

(4.8) Vs kiy) ^ 9e \ — ] locally uniformly as k ^ oo. 

\ynj 

To this purpose, let Bi, B2 two given balls in M"~^ with Bi C {yi > 0} and B2 C {yi < 0}. 
Since L is we clearly have that, for k large enough, 

Bi c x^^Rj^\n+ - Pk), B2 c x^^R]^\n- - Pk), 

or, equivalently, 

(4.9) C^^ := Pk + XkRkBi C n+ , C^,^ := Pk + XkRkB2 C n- . 

Let us consider the elementary solution u}''' corresponding to the spherical cap C^j. (and to 
its complementary C{"^ in the sphere at infinity), and analogously let C/e''^ be the elementary 
solution corresponding to (and Cg^^,). By (|4.2p and the assumption on we have 

U^'''{x) < V^^(x) < Ue{x) < i^^{x) < U^'''{x) for all x in M". 
Changing variables in the previous inequality, we get 

(4.10) U^{y) <VeMy) <U^{y), for aUyinM"-! x (0,oo), 

where and are the elementary solutions corresponding to Bi, B2 and their complements. 
Since Ve,k{y) are uniformly bounded solutions of p.2p . by standard a priori estimates we 
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have that, up to subsequences, f£,fc(y) converges in Cf^^{M."' ^ x (0,oo)) to some function 
Ve,oo e C2(R"-i X (0,00)) which solves ([22]). Clearly, inequality KTU\i yields 

UHy) < Ve,oo{y) < Ueiy) , for all y in R"-i x (0, 00). 

Since Bi C {yi > 0} and B2 C {yi < 0} can be chosen arbitrarily, taking the supremum and 
the infimum respectively in the previous inequality, in view also of Proposition 14.31 we deduce 
that Vg^ooiy) = de (f^) ' ^e.oo elementary solution corresponding to the half spaces 

= {yi > 0} and = {yi < 0}. By the uniqueness of the limit we conclude that the 
whole sequence Ve,k{y) converges to Qeiyi/yn) in Cf^^iW^'"^ x (0, 00)), i.e. (j4.7p holds. 

Finally, we can always assume that goo £ Bi U B2, so that the last statement of the 
proposition easily follows from (j4.10p . choosing y = Qk and letting A: — )• 00. □ 



We are in a position to prove Theorem 11.31 



Proof of Theorem\TM The existence of an entire solution Ue G C2(]H")nC°(EI"U5"-^(oo)\L) 
to equation (jl.2p satisfying the prescribed boundary conditions, that is a local minimizer of 



the energy £fr in (jl.ip . and with C conv{L) is provided by Theorem 11.21 

Now we pass to the proof of the regularity property of := (0) and its orthogonality to 
S^~^{oo), using a blow-up argument based on Proposition 14. 5[ Let {Pk} C be a sequence 
of points converging to some limit Pqo £ L, and denote by pk a projection of Pk on L, i.e., 
a point in L of minimal Euclidean distance from P^ in the half space model (with origin 
in Poo), so that := \pk — Pk\ = dist£;(Pfc,L) is the Euclidean distance between P^ and 
L and pk — )• Poo = as A; — )• 00. By Proposition 14.51 we have that, for suitable rotations 
Rk S 0{W^~^) converging to the identity 

(4.11) UeiPk + XkRky) ^ ge f^^I^^MlA in cL(M"-i X (0, +00)) , 

\ yn / 

as k ^ 00. By construction of pk, we have that P^ belongs to the plane generated by 
e„ := (0, . . . , 1) and viiPk) and passing through p^. Clearly P^ = Pk + ^kRkyk for some 
yk S W^^^ X (0,00) with \yk\ = 1. Up to subsequence we have y^ — ?• yoo for some ?/oo £ 
j^n-i y. [0,00) with |yoo| = 1- Now we assume that Ue{Pk) = 0, i.e., P^ G for all k, and 
we wish to show that yoo ~ Cn,' First, we claim that yoo ■ 

7^ 0. Indeed, if by contradiction, 

2/00 • = 0, then we would have y^ • e„ — )• 0, so that 

1 = \mi\vL{pk) ■ Rkykl = lim \i^l{Poo) ■ yk\ = ^LiPoo) ■ yoo\- 

k k 

In particular, we would have vl^Poo) ■ yoo / 0, yoo G M"~^ x {0} and yoo = ±i^l(Poo)- Since 
Pfc G Sg, the last statement in Proposition 14.51 would give a contradiction, and this proves 
the claim. Now yoo • e„ / 0, hence ()4.1ip yields 

( yoo ■ i^l{Poo)\ y r , \ n \ n 
ge I I = hraUeiPk + XkRkVk) = 0, 

\ yoo ' dn J 1^ 

which gives yoo'^'L(-Poo) = 0. Since yoo belongs to the vector space generated by e„ and fiiPoo) 
and it has unit length, we conclude that yoo = e^, and the whole sequence y^ converges to 
as k ^ 00. 
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We are in the position to conclude the proof of the regularity of near 5" ^(oo), and its 
orthogonality property. Indeed, since 

Vfife 7^ for y = yoo = e„, 

V y-^n ) 

by (j4.1ip . we deduce that also Vuir{Pk) / for A; large enough. Thus, as the sequence {Pk} 
can be chosen arbitrarily, we conclude that is smooth near the sphere at infinity by the 
implicit function theorem, with a well defined normal vector field i^Se(-P) = |y^^|p| | ■ 
Now, since yk ^ ^ni by (|4.1ip we deduce, 

(4.12) v^APk) = ^ MPoo), 

i.e., the normal vector field extends continuously up to the boundary, and this is enough to 
conclude that U L is a hypersurface with boundary. 

Finally, we prove the asymptotic expansion ()1.4p . using a blow-up argument analogous to 
that used to prove (|4.1ip . Let {P^} e converging to some Poo £ S'^''^{oo). If Poo L the 
proof is straightforward, since for Poo S we have that U£{Pk) — )• ±1 and d{Pk, K{L)) — )• 
iboo. 

Now, we consider the case Poo G L, working as above in the half space model with origin 
in Poo, so that K(L) is the cone over L from the point e„. Let pk £ L he points of minimal 
Euclidean distance from Pk, let = \pk — Pk\, and let Rk G 0{W^~^) such that Pfc^iC-foo) = 
t^L{Pk) and Rk — )• Id, as in (j4.1ip . Again, Pk = Pk + ^kPkUk for some yk G M""^ x (0, oo) with 
\yk\ = 1 and (up to a subsequence) yk — ?• yoo for some yoo S x [0,oo) with |yoo| = 1- 

Now we distinguish two cases, corresponding to ?/oo • = and yoo • Cn 7^ 0. If yoo • = 
0, then, arguing as above, we have yoo = ^i^LiPoo), and hence by the last statement 
in Proposition 14.51 we have u^{Pk) — ?• sgn{vL{Poo) ■ yoo)- Thus, we have to prove that 
also h£{d{Pk, K{L))) — )• sgn{i'i{Poo) ■ yoo)- To this purpose, it is enough to notice that 
Pk lies always (for k large enough) on the same side of K{L) and that d{Pk,K{L)) = 
d{RkykAk^{K{L) - Pk)) 00 as A; 00, since Rkyk Uoo while X^^{K{L) - pk) ap- 
proaches the vertical half plane passing through the origin and orthogonal to yoo- 

We pass to consider the case yoo ■ 7^ 0. Since 

( VL{pk) ■ Rkyk\ , ( vl{Poo) ■ yoo\ , , 

ge — 5 ] ^ 9e[ as A: ^ 00, 

V likVk • e„ y V yoo • e„ y 

thanks to the blow-up formula given by (14. lip for y = yoo, it is clearly enough to prove that 

(4.13) ^'{ '"'^R^y.^eT )'^' [d[RkykAk\K{L) - pk))) ^ ^ as k ^ 00. 

Let us set K°°{L) the cone over K from the point at infinity, i.e., K°°{L) = L x (0 x cxd). Then, 
it is easily seen that by construction of pk, we have d{Pk, K°°{L)) = d{Pk,Tp^L x (0,oo)). 
Therefore, 

9e (^^^^^^) = he {d{Pk,T,^L X (0,00))) = K {d{Pk,K^{L))) . 
Since d{Pk,K°°{L)) = d[Rkyk,\k^{K'^{L) - Pk)), is equivalent to □ 
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(4.14) he {d{RkVk, \l\K°°[L) - pk))) - he [d{Rkyk, K\K{L) - pk))) ^ 

as — )■ oo. In order to prove (j4.14p . it is enough to check the Hausdorff convergence on com- 
pact sets (usually referred to as Kuratowsky convergence) in W^~^ x (0, oo) of X'^^ {K°° (L) —pk) 
and \'^^{K{L) —pk) to Tp^L x (0, cxd). Finally, this Hausdorff convergence is indeed a direct 
consequence of the fact that K°°(L) and K{L) are tangent along L, since they both touch 
the sphere at infinity orthogonally along the smooth hypersurface L; for sake of brevity we 
skip the details which are standard. 

5. Minimal hypersurfaces 

In this final section we study the limit when e tends to zero. First we investigate the 
behaviour of the energy functionals £s using F-convergence and we prove Theorem II. 4[ Then 
we apply this result to the local minimizers to construct entire minimal hypersurfaces 
with prescribed boundary at infinity and we prove Theorem II. 5[ 

5.1. Proof of the F-convergence result. Here we prove the F-convergence result given by 
Theorem 11.41 The proof relies on the very well known arguments in the Euclidean setting 
|25j . with some care in order to treat the boundary conditions Ve = on dBji. We divide 
the proof in several steps, using the same notations defined in the Introduction. 

Step 1 ( Compactness.) Since the metric on compact subsets of H" is equivalent to the Eu- 
clidean one, clearly we may assume that 

[ hvv,J^ + Ws^iVeJdx<C, 
J Bfi 

where C > depends only on R. Since |fe„| < 1, then arguing as in [25], Proposition 3, up 
to subsequence we have v^^ — )• v* in L^{Bji), where v* S BV{Bj^; {—1, +1})- 

Step 2 (T-Hminf.) By Step 1 we may assume v G BV{Bii]{ — l,+l}), i.e., J^{v;w* , Br) < oo. 
Moreover, we may assume that each v^^ has finite energy in Br and \v£^\ < 1 a.e., because 
energy decreases under truncation and truncation keeps the boundary conditions = 
on dBji. Now we essentially follows [2^ but with some extra care because of the possible 
jump between v and w* along dBn. 

Let A CC i?i be an open set with compact closure such that Bji C A and let "^{t) = 
lo -s/wXsjds, so that ^' € C"'^(M) and it is an odd function. We consider v,;^ G H^{A) as 
extended as outside Bji. Since S H^{A), by the chain rule in H^{A) the functions 
^{vej satisfy ^{vsj G W^'^A) C BV{A) and 

'^\'^{VeJ\BV,iA) =^ l^VW{VeJ\\VgVeJ\dVolg < V2em£{Ve^, A) = Te^{v,^;We^, A) . 

Taking (jl.5p into account we have —)•{; = v^* in L^{A) as m — )■ oo. By lower semiconti- 
nuity of the total variation and using the pointwise equality 2^{v) = Cwv we obtain 

(5.1) Cw\v\bvjb^) ^ Cw\v\BVg{A) = '^\'^{v)\bv,{A) < liminf («£„;«;£,„, ^). 

Finally, since {ve,^ ; , A) = T^^ {v^^ ; w^^ , Br) + /x^^ {A \ Br)) and ^* (OBr) = the 
conclusion follows from ()5.ip and p.5p when A = Bp and p\ R. 
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Step 3 (T-limsup without boundary conditions.) Here we show that, for any given function 
V £ BV{Bji; there exists a sequence fg,^ G H^{Bji) with \vi;^\ < 1, — ;> f in 

L^{Bji) and such that 

(5.2) V2em£em{Vem^BR) Cw\v\BVg{BR) aS Era ^ 0. 

This F-limsup inequahty is well understood in the Euclidean setting. The proof in the present 
case could be obtained by standard localization arguments, freezing the x dependence in the 
energy density functionals. Here for the reader convenience we sketch the original proof in [25], 
adapting it to the hyperbolic setting. By standard density arguments in the Euclidean setting 
and formulas (j2.5p and (12. 6j) . the class of functions in BVg{BR; {—1, +1}) with smooth jump 
set are actually dense in and in energy. Therefore, by diagonal arguments in F-convergence 
we can prove (15. 2p assuming smooth. In this case, following [25, Proposition 2] it turns 
out that a recovery sequence is given by fe„(x) = he^{d{x, Sy)), where /i^^^ is the optimal 
one-dimensional profile given by Proposition 13. 11 and d{x, Sy) = v{x)d{x, Sv) is the hyperbolic 
signed distance from Sy (unique up to the sign). 

Step 4 (T-limsup with boundary conditions). In this step we construct a recovery sequence 
taking into account the boundary conditions. To this purpose let v G BV{Bfi] 
First we show that the class of functions coinciding with w* in a neighborhood of dBji are 
dense in energy and in L^{Br). Indeed, let < A < 1 and set 

, . I vix) if Ixl < XR; 
vx[x) := < 

I w* [x) otherwise. 

Then we have vx = w* near dBji and vx v in L^^Br) as A 1. Moreover, since 
fj,*{dBji) = it is easy to prove that \DgVx\{dBxR) — )• \DgVw*\{dBji), so that T{vx;w* , Br) — )• 
J^{v; w*,Bji) as A 1. Therefore, up to a further diagonal argument, without loss of general- 
ity we may assume v = w* in a neighborhood of OBr, so that T{v; w*,Bfi) = Cw\v\BVg{Bii)- 
Now we aim to glue together the recovery sequence — )• v constructed in Step 3 with 
w^^, in order to obtain a recovery sequence which takes into account the boundary conditions. 
To this purpose, for any fixed r/ > we construct an approximated recovery sequence G 
HIj^^{Br) (depending on r/), with — )• t> in L^{Bji) as m — )• oo and satisfying 

(5.3) lim sup {vsrr, ; , Br) < T{v; w* , Br) + Cr]. 

m 

Then, the F-limsup inequality follows from (|5.3p by a standard diagonal argument as t? — )• 0. 
To prove ()5.3p let 5 = 6{ri) > be so small such that the following holds. 

i) V = w* in Cs := Br \ Br_s\ 

ii) '^£m(^em)C'<5) < ri^m''^ for every m; 

iii) £e^{ve^,Cs) < r]£.m~^ for every m. 

Notice that, for 5 suitably small ii) holds since fj,*{dBR) = 0, and iii) is true since Vg^ is a 
recovery sequence for v in Br, and therefore also in Cs, and |u|By(Ca) — ^ as 5 — )• 0. For each 
m we divide the annulus Cs in Mm ■= [^^] (where [•] is the integer part) concentric annuli 
of thickness £m ■= j^y— • In this way we clearly have £m = Vm^m with rjm — )• as m — )• oo. 
Since v^^ v = w* and w^^ — )• w* in L^{Cs) we have — w^^ — )• in L^{Cs). Therefore, 
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by the mean value theorem we can choose G {!,••• M^} such that 
(5.4) / \vs^ - We^\ dx ^ asm->oo, 

Em JCk 

where Ck^ = {R'^ < \x\ < R'^} and R'^^ ■= R - S + {km - l)^™, R'^ ■= R - 5 + km£m- Let 
ipe^ be a radial Lipschitz cut-off function such that ips^{x) = for \x\ > R'^, fsmi^) = 1 fo^' 
\x\ < R'm, and decreases linearly along the rays in Ck^. For all x £ Br we set 

Ve^{x) ■■= Ve^{x)ipe^{x) + We^ix){l - 93£„(x)). 

By construction we have for a.e. x E Br 

IVUf (x)\ < IVWf I + \VWp I H \Vr — Wr |. 

Then, by ii) and iii) above, by Young inequality, and the bounds \w£^\ < 1, \v£^\ < 1 in Br 
we obtain 

£e (.Vs ,Ck )<C f IVVe \'^ + Ws (Ve ) dx < C f IVVe P + IVw^ l"^ dx+ 

Therefore, by (j5.4p . for m large enough (depending only on rj) we have 
By ()5.5p . in view of ii) above we have 



+ £m£e^ (Wsm , Br \ Br>!^ ) < EmSe^ (^^e™ , Br) + Ct/ 

Passing to the limit for m — )• c«, we obtain 

lim sup {ve^ ; , B/j) < hm sup V2£m£em {ve,r, ,BR)+Cri = T{v; w* , Br) + Cr], 

m m 

SO that (j5.3p holds, and this concludes the proof of the F-limsup inequality. 

Remark 5.1. The assumption fi*{dBR) = is essential in order to identify the boundary 
term in the F-limit J-. Indeed, for w* equal to 1 in Br and w* = —1 in Bi\ Br, it is very 
easy to construct two approximating sequences wf^ for w* satisfying ()1.5p . with traces on 
OBr equal to ±1, respectively. Therefore, the corresponding F-limit is clearly given by ()1.7p 
with w* replaced by ±1 on Bi \ Br, respectively. More generally, given w and w* it is always 
possible to construct an approximating sequences for w* such that the corresponding 
F-limit is given by ()1.7p with w* replaced by w. Thus we see that, removing the assumption 
fi*{dBR) = 0, the F-limit may depend on the whole sequence and not only on w* . 

5.2. Existence and asymptotic behavior of minimal hypersurfaces. In this final part, 
we prove the existence of an entire minimal hypersurface with prescribed behaviour at infinity. 
First we give a local energy bound for the minimizers Ug which allows to obtain a limiting 
function u* £ BVioc{Bi; {—1, 1}) with the desired behaviour at infinity. Then, we can apply 
the F-convergence result in the previous subsection to get the area-minimizing property of 
the jump set Su* and to conclude the proof of Theorem 11.51 
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Lemma 5.2. Let < R < 1, let e < R/2 and let Uf, he a local minimizer of (jl.ip . Then we 
have Es{us, Bp) < Ce~^, where C is a constant depending only on R. 

Proof. Since are uniformly bounded, by equation (|2.4p and by standard elliptic regularity 
we have that |Vtie| < ce~^, where c depends only on R. We deduce that 

\\VUef + WsiUe) < ^ in Br, 

where c depends only on R. Let be a radial cut-ofF function, equal to 1 for \x\ < R — e, 
and decreasing linearly to zero along rays for i? — e < |x| < R. Let us set := ip + {1 — (p)Ue- 
By construction we have that = Us on dBp, and |Vfe| < ce~^, with c depending only on 
R. Thus, by local energy minimality of Ue we have 

Se{Ue,BR) <8e{Ve:BR) <8e{Ve,BR\BR.e) < |, 

where C is a constant depending only on R. □ 

Proof of Theorem \1.5[ We will prove claims i) and ii) of the theorem separately, using the 
Poincare ball model. Claim iii) is well known and it has been already discussed in the 
Litroduction. 

Proof of i). By Lemma 15.21 we have J^^^{u^^;u^^, Br) < C, and hence by Theorem ll.4| i), 
passing to a subsequence we have —5- u* in L^{Br) for some u* G BV{Br; {—1, 1}). Thus 
a simple diagonal argument yields — )• u* in Lj^^{Bi) for some u* £ BVioc{Bi; { — 1, 1}) as 
m — )■ oo. 

We pass to the proof of Su* C conv(F). To this purpose, notice that ii x £ Bi \ conv(F), 
then there is a neighborhood of x compactly contained in Bi \ conv(F), and there exists 
an elementary solution Ue such that either < f/^ < ti^ < 1 with ^ 1 uniformly in Nx, 
or —1 < Us < Ue < with C/g — >• — 1 uniformly in N^- In both cases we deduce that u* is 
constant in N^, so that in particular Su* H = 0. By the arbitrariness oi x £ Bi\ conv(F) 
we conclude Su* C conv(F), which clearly implies Su* n S^~^{oo) C F . 

It remains only to prove the inclusion dQ^ H dQ~ C Su*- Let p € n 017^, and for any 
given (5 > let us fix two points G such that £ Is{p)- Moreover, let < p < 5 be such 
that Bp{q+)nBp{q") = and Bp{q^)nBinconv{F) = 0. Set S± := 5p(g±)nS"-i(oo) C 
and consider the tube Tp := conv(i?+ U B~). Then, since u* = ±1 on Bp[q^) n Tp, we have 
that u* takes both values +1 and —1 on sets of positive measure in Tp, that clearly implies 
\Du*\{Tp) = W'^iSu* n Tp) > 0. Therefore Bcsip) n Su* / where C is a constant 
independent of 5, and this, by the arbitrariness of 5, yields p £ Su*, which concludes the 
proof of property i). 

Proof of ii). Let u* as given by part i) and let v* £ BViodBi; { — 1, 1}) such that the support 
of u* — V* is compactly contained in Br for some R £ (0, 1). Note that, since n^^ — )• u* in 
Lj^^Bi) and Lemma [5^2] holds, passing to a subsequence if necessary, we may assume that 
{ue^} satisfies assumption (jl.Sp (with = Ue^). Thus, changing R slightly if necessary, 
we may also assume that fi*{dBR) = 0, because such condition may fail for at most countably 
many radii. Let Ve^ — )• v* in L^{Br) be a recovery sequence for v* in Br with Ue^ as 
boundary data as given by Theorem 11.41 Thus, combining the F-convergence result given by 
Theorem 11.41 and the energy minimality of each we obtain 

T{u* ; u* , Br) < lim inf (n^^ ■,Ue^,BR) < lim sup {ve^ ; n^^ , Br) < T{v; u* , Br) , 
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i.e. \u*\BVg{BR) < \v*\BVg(BR) as claimed. □ 
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